In the Standard Model, the renormalization of the QCD vacuum angle θ is extremely tiny, and small θ is technically natural. In the general Standard Model effective field theory (SMEFT), however, ∆θ is quadratically divergent, reflecting the fact that new sources of hadronic CP-violation typically produce O(1) threshold corrections to θ. The observation of such CP-violating interactions would therefore be in tension with solutions to the strong CP problem in which θ = 0 is an ultraviolet boundary condition, pointing to the Peccei-Quinn mechanism as the explanation for why θ is small in the infrared. We study the quadratic divergences in θ arising from dimension-6 SMEFT operators and discuss the discovery prospects for these operators at electric dipole moment experiments, the LHC, and future proton-proton colliders.
Introduction
The absence of an electric dipole moment (EDM) for the neutron strongly constrains the CP-violating QCD vacuum angle to be tiny, θ 10 −10 [1] [2] [3] [4] . Yet CP is evidently not an exact symmetry: it is explicitly broken in the weak interactions, and must be broken further to provide the baryon asymmetry. Finding an explanation for the smallness of θ in the presence of other sources of CP violation (CPV) constitutes the strong CP problem.
Unlike the other fine-tuning problems of the Standard Model (SM), nature as we know it seems largely insensitive to θ: little about nuclear physics [5] would change if θ were of order 10 −3 , for example. For this reason it is widely believed that strong CP must have a dynamical, rather than anthropic, explanation, and we will make this assumption here.
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Most of the proposed solutions to strong CP fall into two categories. In ultraviolet (UV) solutions, θ = 0 is a consequence of a microscopic symmetry, typically CP (NelsonBarr models) [8] [9] [10] [11] or P [12] [13] [14] [15] [16] . At some intermediate scale, this symmetry is spontaneously broken, and the effects of symmetry breaking are communicated to the SM in ways that are engineered to preserve θ = 0. Perhaps the most compelling aspect of these models is that they take advantage of an odd property of the SM: θ ≈ 0 is technically natural, in the sense that radiative corrections to θ are extremely small. The first infinite and finite renormalizations induced by the CKM phase arise at 7 and 4 loop order, respectively [17, 18] , and the latter has been estimated to generate θ ∼ 4 · 10 −19 [18] . Thus, if θ = 0 can be preserved through the scale of spontaneous symmetry breaking, and the EFT at lower scales is just the SM, θ will remain sufficiently small at low scales.
In infrared (IR) solutions, θ can be absorbed into a redefinition of light fields, and the strong interactions are CP-conserving down to arbitrarily low scales. Under such circumstances it can also be proven that QCD does not spontaneously break CP [19] , so the strong CP problem is solved. One possibility, the massless up quark, is now strongly disfavored by lattice data [20] . 2 The remaining viable IR solution is the Peccei-Quinn (PQ) mechanism [22, 23] . In this case the light field that absorbs θ is the axion a [24, 25] and its potential is given by the θ-dependence of the QCD vacuum energy, which is minimized at θ = 0 by the same theorem [19] .
Curiously, and for different reasons, neither the UV nor the IR solutions discussed above are entirely robust. A well-known example is that UV sources of explicit PQ-breaking lead to extra terms in the axion potential, stabilizing it in the wrong place and leading to a nonzero effective θ [26] [27] [28] . To preserve θ 10 −10 , the coefficients of Planck-scale operators must be suppressed up to high dimension (d ∼ 12 for PQ-breaking scales of order 10 12 GeV.) In other words, the PQ symmetry must be of very high quality, broken only by the QCD anomaly to great precision. This problem might be avoided with a string axion [29] , but generally with other costs, including a nonsupersymmetric moduli problem [30] . On the other hand, the most fragile component of UV solutions is the small renormalization of θ below the scale of spontaneous P/CP-breaking. If the EFT is not the SM, there can be new couplings that eventually feed the CPV spurion into θ. For example, in supersymmetry, if CPV is not strongly sequestered from the SUSY-breaking sector, invariant phases in the soft parameters generate various threshold corrections to θ much larger than 10 −10 [31] [32] [33] . Likewise, in models with extra strongly-coupled gauge sectors coupled to the SM, new vacuum angles can shift θ at the confinement scale of the new sector [34, 35] . These corrections generically spoil UV solutions to strong CP. 3 Experimentally, the best hope for resolving the strong CP problem is the detection of an axion component of dark matter [38] [39] [40] [41] . In contrast, UV solutions to strong CP do not make generic predictions for lower scales other than that θ should be small. However, the fragility discussed above provides another handle: UV mechanisms can still be excluded by discovering any new physics that induces quantum corrections to θ greater than 10 −10 . Such a discovery would provide an upper bound on the scale at which strong CP is solved and strong indirect evidence for the PQ mechanism.
We will discuss quantum contributions to θ and associated experimental signatures in the context of the Standard Model effective theory (SMEFT). If integrating out heavy fields generates CPV SMEFT operators involving quarks and gluons, it will also typically produce threshold corrections to θ. These corrections are not calculable in the low energy theory, but traces of them remain, including quadratically divergent corrections to θ involving the effective operators. These quadratic divergences have the same interpretation as that of the Higgs mass in the SM: they reflect strong sensitivity of the renormalizable coupling to UV physics. In the case of θ the sensitivity is cutoff-independent, Λ 2 /Λ 2 , and the relevant UV physics includes any new sources of CPV coupled to quarks or gluons. Thus, evidence for these operators sharpens the unnaturalness of small θ and strongly disfavors the possibility of natural UV solutions. We note that similar observations can be used to constrain neutrino magnetic moments based on naturalness of the neutrino masses [42, 43] .
CPV SMEFT operators can be searched for at colliders and in nuclear, atomic, and molecular EDM experiments. With EDMs it is a complicated matter to extract precise values for the many Wilson coefficients involved. However, for our purposes, we need only to rule out a bare value of θ as the only source of CPV in the strong interactions at low energies. In general this requires two measurements, at least one of which exhibits a signal. Collider probes of CPV operators, on the other hand, are not "contaminated" by θ in this way, so in principle only one measurement is required. In most cases collider sensitivity to single operators falls short of EDMs, but are still interesting, particularly for operators involving third generation quarks.
This study is organized as follows. In Sec. 2 we compute the complete quadratic diver-gence in θ from dimension-6 SMEFT operators. In Sec. 3 we discuss the ability of nucleon, nuclear, and diamagnetic EDM measurements to discriminate the θ-only hypothesis from θ+SMEFT. In Sec. 4 we estimate the collider sensitivity to CPV SMEFT operators, surveying the existing literature and comparing to the EDM reach. The top chromo-EDM is of particular interest, and we study the potential for the high-luminosity 14 TeV LHC and future 27 and 100 TeV colliders to detect the top cEDM in simple angular observables, where it can be distinguished from a CP-conserving magnetic moment. In Sec. 5 we summarize and conclude.
Quadratic divergences andθ
We wish to consider the combined CP violating effects of the Standard Model and some extra beyond-the-Standard-Model physics, encoded in the Lagrangian
L SM contains, in addition to the CKM phase, one physical strong CP phase given by the invariant combination of θ and the phases in the Yukawa couplings,
L BSM may contain many new sources of CP violation. However, if the new states are sufficiently heavy, experiments will only be sensitive to a finite number of (linear combinations of) BSM phases. To leading order in momentum counting, the experimentally measurable phases are encoded in the complex Wilson coefficients of the dimension 6 SMEFT operators upon matching,
Here Λ is the mass scale of the heavy new physics, and the Wilson coefficients c i introduce up to 1149 physical phases [44] , assuming conservation of baryon number. The prime of L SM denotes the presence of corrections to the SM parameters induced by matching and renormalization effects. In particular, the strong CP phase is shifted by
where in the second line we have expanded to first order in the threshold corrections δY u and δY d .
Absent specific knowledge of the form of L BSM , {δθ, δY u , δY d } are incalculable. However, one can estimate their natural size from SMEFT loops. Just as quadratic divergences in the Higgs mass from loops of SM fields signals strong sensitivity of m 2 H to UV threshold 4 Our conventions used in this section are collected in an appendix. 5 The dimension 5 Weinberg operator is not shown, as it will play no role in the following discussion.
corrections, quadratically divergent corrections to θ and the quark Yukawas in SMEFT are a proxy for the threshold corrections received by these parameters at the cutoff. The one loop quadratically-sensitive corrections to the SM parameters are 
The cs are the dimensionless Wilson coefficients of dimension 6 operators, including a variety of electromagnetic, weak, and chromo EDMs, four-fermi operators, the Weinberg operator, and various d = 4 operators with H † H attached. The overall correction toθ is
The contributions of c Hq(1) , c Hq(3) , c Hu , c Hd , c qu(1) , c qu (8) , c qd(1) , c qd (8) , which appear in δY u,d , vanish identically in δθ due to Hermiticity. The operators whose coefficients appear explicitly in Eq. (9) are listed in Table 1 , and a sampling of the diagrams are shown in Fig. 1 [45] .
Absent an infrared relaxation ofθ, e.g. by the Peccei-Quinn mechanism, naturalness requires |δθ| 10 −10 , implying a stringent bound on the combination of Wilson coefficients in (9) . We see that δθ receives contributions from a considerable variety of operators, all containing colored particles but many also containing leptons and electroweak bosons. If one assumes the Wilson coefficients are minimally flavor-violating [47] , i.e. at leading order in the Yukawas
then Eq. (9) reduces to a sum over the hatted flavor-blind phases
However, if the new physics has a different flavor structure, it need not even be CP violating to give a sizable contribution to δθ: the presence of the CKM phase in (9) will often suffice.
Why might this bound on the Wilson coefficients be satisfied? One, the BSM physics may couple extremely weakly to the SM, either through small couplings or through suppression by a large number of loop factors. For example, requiring that the Wilson coefficients be suppressed by a factor of
implies loop orders of n ∼ 4.5 and n ∼ 3.1. However, in this case, other effects from BSM physics would also be too small to observe.
Another possibility is that the Wilson coefficients may be of natural size, but their combination in Eq. (9) is very small (analogous to a Veltman condition for the Higgs mass.)
OG O HG This apparent fine tuning would still require explanation, especially as it is not stable under the 1-loop SMEFT RGEs (Eq. (9) is not an eigendirection of the anomalous dimension matrix of the dimension 6 operators) [44] . This RGE instability also highlights another problem: there are two-loop and higher corrections toθ from other dimension 6, and higher, operators which we have neglected, and may yet be significant as well. Thus, even if BSM physics is too heavy to be produced on-shell, observation of a nonzero SMEFT coefficient in Eq. (9) would cause significant tension for UV solutions to the strong CP problem. In the following sections, we discuss sensitivities of low-energy and collider experiments to some representative operators.
Low-energy probes
The main observational consequence of a nonzeroθ term is the presence of nonzero EDMs of nucleons, nuclei, atoms, and molecules. The absence of a signal in all neutron-EDM experiments thus far provides the limitθ 10 −10 and establishes the strong CP problem. A signal in any of the next-generation EDM experiments, however, might point toward a finitē θ term, higher-dimensional BSM operators, or a combination of both.
7 Strategies to isolate the source of CP violation from multiple nonzero EDM measurements have appeared in the literature [48, 49] . In particular, a scenario with a pureθ term would lead to a rather distinct pattern of nucleon, nuclear, and diamagnetic EDMs (from now on, we will refer to these as 'hadronic' EDMs) [50, 51] , while lepton and paramagnetic EDMs, that are dominated by (semi-)leptonic sources of CP violation, should be much smaller [52, 53] . While it is challenging to completely isolate the source of a new observation of hadronic CP violation, 6 For one example, the O lequ operator does not appear in Table 1 , but it generates O (1) lequ under RG, which does appear in the table. We will comment further on O (1, 3) lequ in Sec. 3. 7 The CKM phase contributes to EDMs at a level significantly below current and expected future experimental sensitivities, and can be neglected.
it is potentially easier to rule out a pureθ scenario. As discussed above, such a result can provide indirect evidence thatθ is relaxed by the PQ mechanism. 
3.1θ dependence of EDMs
In testing the consistency of putative EDM signals with the SM + nonzeroθ, there are theoretical challenges. Non-perturbative QCD and nuclear-and atomic-structure calculations are required to linkθ to EDMs of nucleons, nuclei, and diamagnetic atoms. Nevertheless, in recent years much progress has been made which we summarize here.
Historically the most important EDM is that of the neutron. d n has been the target of many experiments for over six decades, leading to the present limit |d n | < 3.0 · 10 −13 e fm [3, 4] . The first genuine calculation of the neutron EDM in terms ofθ was performed in Ref. [2] using current algebra techniques and coincides with a leading-order calculation in chiral perturbation theory (χPT) [57] . At next-to-leading order in χPT the neutron EDM is given by [58] 
in terms of g A 1.27, the strong pion-nucleon axial coupling, F π 92.2 MeV, the pion decay constant, m π , the pion mass, and two low-energy constants (LECs),d n andḡ 0 , associated to CP-violating hadronic interactions that are introduced below. The expression for the proton EDM is, not surprisingly, very similar,
and depends on two additional LECsd p andḡ 1 .
The LECsḡ 0 andḡ 1 are the coupling constants of CP-violating pion-nucleon interactions
in terms of the nucleon doublet N = (p n) T and pion triplet π. The logarithm in brackets in Eqs. (13) and (14) arise from one-loop diagrams involving one insertion ofḡ 0 , one insertion of the strong pion-nucleon coupling g A , and a photon coupling to the pion-in-flight. This loop is divergent and the divergence and associated scale dependence is absorbed into the countertermsd n andd p , which reflect short-distance (of distance shorter than ∼ m −1 π ) contributions to the nucleon EDMs. The other pieces in brackets arise from finite loops at next-to-leading order in the chiral expansion.
The above CP-odd hadronic interactions d n , d p ,ḡ 0 , andḡ 1 also determine the EDMs of light nuclei and diamagnetic atoms in the pureθ scenario. Other interactions, such as short-range CP-odd nucleon-nucleon couplings, only appear at next-to-next-to-leading order in the chiral expansion and are expected to contribute at the 10% level [59, 60] . So far there exist no EDM experiments involving light nuclei or light atoms. Light nuclei have not been used because they are charged, and standard EDM experiments apply a large electric field which would eject the nucleus from the apparatus. Light atoms are not used because Schiff's theorem [61] ensures that the EDM of a nucleus is screened inside a neutral system such as an atom. Schiff's theorem is not exact and assumes point-like particles, but provides a very good approximation for small systems. As such, light atoms are not appropriate targets for EDM searches and much heavier systems are used.
The current best limit on any EDM is that of the 199 Hg atom: d Hg < 6.2 · 10 −17 e fm [62] . Unfortunately, it is not an easy task to calculate the atomic EDM of such a complex system in terms of the above CP-odd interactions. Technically, it requires a calculation of the so-called nuclear Schiff moment and an atomic calculation linking the Schiff moment to the atomic EDM. At present, the atomic calculation is under relatively good control [63, 64] , but the nuclear calculation is problematic (see Refs. [63, 65] for more details). The present estimate is
−0.07ḡ 0 + 0.25
where the term in front of the brackets is the atomic Schiff screening factor. The main problem is the size (and even sign, in the case ofḡ 1 ) of the coefficients in front of the CP-odd pion-nucleon couplings, which are very uncertain. Advances in nuclear theory are required to improve these calculations. In specific BSM scenarios there can be other sizable contributions to d Hg , for example from (semi-)leptonic CP-odd interactions, but these are negligible in the pureθ scenario. The EDM of the 129 Xe atom can be considered along similar lines but suffers from a larger screening factor and similar nuclear uncertainties, while the experimental limit is not as stringent [66] . Therefore we do not consider it here.
An interesting system is the 225 Ra atom, the EDM of which has been bounded by
−10 e fm [67] . While this limit is seven orders of magnitude weaker than that on d Hg , great experimental progress is expected. In addition, the atomic screening factor is less severe for this atom and, more importantly, due to its octopole-deformed shape, the coefficients in front ofḡ 0 andḡ 1 are significantly enhanced with respect to Hg:
While the nuclear uncertainties are still significant, they are under relatively better control than for Hg [65, 68] .
As discussed above, EDM experiments traditionally involve neutral systems. However, it was realized that charged particles trapped in electromagnetic storage rings can also be used [69] . In this way, the g-2 collaboration set the first limit on the muon EDM [70] . Several experimental collaborations aim to construct storage rings to measure the EDMs of the proton and deuteron and perhaps even the 3 He nucleus. Great progress towards these measurements have been reported in Refs. [71, 72] and it has been claimed that an accuracy of 10 −16 e fm can be achieved in such a setup. While still less precise than the d Hg measurement it must be stressed that light nuclei would not suffer from atomic screening nor from large nuclear uncertainties. These plans have lead to considerable activity in the nuclear community and the EDMs of several light nuclei have been calculated within the framework of chiral effective field theory [50, 73] 
EDMs of other light nuclei such as 6 Li, 9 Be, and 13 C have been calculated in terms of the same LECs using a nuclear cluster model [74, 75] . The results indicate that such systems do not show large enhancements or suppression with respect to 2 H and 3 He EDMs.
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The above relations show that we can calculate a handful of EDMs of experimental interest in terms of four hadronic CP-violating coupling constants. The missing link is the calculation of d n , d p ,ḡ 0 , andḡ 1 in terms ofθ. By far, the size ofḡ 0 is known to the highest accuracy. Theθ term can, via the axial U (1) anomaly, be rotated into a complex quark mass. As such, hadronic interactions induced byθ are linked to hadronic interactions induced by the CP-conserving quark mass terms [76] . This was already appreciated in Ref. [2] andḡ 0 was linked to a linear combination of octet baryon masses. Recently it was realized that this relation is badly violated at higher orders in the chiral SU (3) expansion and that the only reliable relation is betweenḡ 0 and the strong proton-neutron mass splitting [77] . As the strong proton-neutron mass splitting has been a target of various lattice calculations it is known to high accuracy [78] and we obtain
Unfortunately a relation with comparable precision does not exist forḡ 1 . The main difficulty is thatḡ 1 is an isospin-breaking interaction while theθ term conserves isospin. As such,ḡ 1 is not directly induced byθ but only via interplay with isospin breaking via the quark masses. This obscures the link betweenḡ 1 and the hadron mass spectrum which is so useful in case ofḡ 0 . Nevertheless, a piece ofḡ 1 can be linked to the strong pion mass splitting. The remaining piece is unknown but has been estimated in a model in Ref. [51] where it was found to be relatively small. Adding this piece as an additional uncertainty, we obtain [77] ḡ Finally, we need to know the values of the nucleon EDMs. An estimate can be given by inserting the obtained values ofḡ 0 andḡ 1 in Eqs. (13) and (14) . This gives
which can be used as an estimate if it is assumed, which is often done, that the shortdistance contributionsd n andd p are small with respect to the chiral logarithm. However, chiral techniques do not allow for a solid estimate of the nucleon EDMs due to the unknown sizes ofd n andd p . Non-perturbative techniques are required. Refs. [79, 80] calculated the neutron EDM directly using QCD sum rules and found
in reasonable agreement with the chiral estimate.
The proton EDM is expected to be of the same magnitude as the neutron EDM but with opposite sign. The sum rules analyzed in [79, 80] suggest d p ≈ −3/2d n , while a recent calculation using a large N c QCD model and gauge/string duality found
−3θ e fm without an uncertainty estimate [81] .
Ideally, the nucleon EDMs would be calculated with lattice QCD techniques, and in recent years several collaborations have attempted to do so [82] [83] [84] [85] . Very accurate results at non-physical pion masses were, for example, reported in Refs. [82] and [84] and an extrapolation to the physical point of the data in Ref. [82] lead to d n = −(3.9 ± 0.9)θ e fm. Unfortunately, it was recently argued that all existing lattice calculations suffered from spurious EDM contributions due to mixing with the CP-even anomalous magnetic moment [86] . Subtracting the spurious pieces lead to lattice signals consistent with zero with uncertainties larger than the model estimates given above. This implies that current lattice calculations
are not yet precise enough to accurately calculate the nucleon EDMs with a small nonzerō θ. Further work is required; see, for example, Refs. [87, 88] .
In our discussion below, we will use the QCD sum rules calculation of d n and set d p = −(1 ± 0.5)d n , which essentially covers all existing estimates. However, our numerical results can also simply be regarded as an illustration, and can be straightforwardly updated without modifying the qualitative point if more precise calculations become available in the future. We express the EDMs of light nuclei and diamagnetic atoms in terms of d n , d p and g 0,1 via the relations given above and use Eqs. (20) and (21) to linkḡ 0,1 toθ.
Excluding pure-θ with correlated measurements
To rule out a pureθ scenario, we need either a single measurement of an EDM of a leptonic or paramagnetic system which would hint at a (semi-)leptonic source of CP violation, or at least two hadronic EDM measurements whose relative size is in conflict with the relations above. While (semi-)leptonic CPV would rule out a pureθ scenario, it would not immediately point towards a PQ mechanism, since some dimension-six CP-violating operators involving leptons (such as the lepton EDMs themselves) do not lead to large threshold corrections to θ . We discuss paramagnetic systems further at the end of this section. Instead, we are lead to consider the correlations between hadronic EDM predictions. In Fig. 2 we show contours consistent with a pure-θ scenario for pairs of hypothetical hadronic EDM observations. As all EDMs depend on a single parameter,θ, all EDMs are linearly correlated, but the current theoretical uncertainties lead to contours and regions instead of lines.
The left panel of Fig. 2 shows that ifθ is the only source of CP violation in these systems, the diamagnetic EDMs are expected to be small with respect to the neutron EDM due to Schiff screening (note that d Hg has been multiplied by a factor 100 to make the contour visible). The associated uncertainties in these EDMs are also large enough that given a measurement of the neutron EDM, the sign of d Hg and d Ra cannot be predicted. Nevertheless, ratios of |d Ra /d n | 1 and |d Hg /d n | 5 · 10 −3 would point towards dimensionsix sources of CP violation.
How do the necessary sources compare with the operators listed in Table 1 , producing quadratic divergences inθ? The set of dimension-six operators relevant for hadronic and nuclear CP violation was derived in Ref. [59] , starting from the SMEFT operators and matching to a low-energy EFT around 2 GeV. At this scale, the non-leptonic operators that induce hadronic and nuclear EDMs include quark EDMs, quark chromo-EDMs, the Weinberg operator, and several four-quark operators. The former three are directly induced by the operators
OG, all of which appear in Table 1 . The four-quark operators can be divided in two sets. The first set consists of operators induced by O quqd (1) and O quqd (8) , which also appear in Table 1 . The final two four-quark operators do not appear in Table 1 as they are not SU L (2) gauge invariant. However, they are induced after electroweak symmetry breaking via a combination of SM weak interactions and O Hud , which does appear in Table 1 . Thus, deviations from the predictions of the pureθ scenario in low-energy EDM measurements can be explained by the same SMEFT operators that point to large threshold corrections toθ.
A small aside is in order here. In principle, the Hg EDM, being an atomic system, gets contributions from the electron EDM and semi-leptonic electron-nucleon operators. (for instance in split-SUSY models [89] ), the neutron and proton EDM are expected to be of similar size but the relative sign can be both negative and positive. In those models, we expect d He 0.9d n in contrast to theθ predictions. In models with large CP-violating four-quark operators or chromo-EDMs, the EDMs of the deuteron and helion are expected to be significantly larger than the single-nucleon EDMs due to the contributions from the CP-violating nuclear force induced byḡ 0,1 [49] .
For completeness, we briefly discuss paramagnetic systems. A nonzero EDM of a paramagnetic system would rule out a pureθ scenario; however, it does not automatically rule out UV solutions to strong CP. EDMs of systems such as the Tl atom and ThO and HfF polar molecules are essentially dominated by two CP-violating effective interactions: the electron EDM and scalar electron-nucleon interactions. If the electron EDM is dominant, there is not necessarily a large threshold correction toθ. On the other hand, the semi-leptonic scalar electron-nucleon interaction arises from the O (1) lequ operator, which does generate a quadratic divergence. Recent studies [90] [91] [92] have shown that measurements of several paramagnetic systems, in addition to the diamagnetic Hg EDM, can isolate the dominant source of CP violation (i.e. the electron EDM or the scalar electron-nucleon coupling). As such, even paramagnetic EDMs can in some cases provide a useful probe of radiative corrections toθ.
Collider probes
Collider experiments are sensitive to a wide range of signatures associated with SMEFT operators. In our context, an advantage of colliders is that they provide more direct access to the individual dimension-6 CPV operators that renormalize θ than EDM searches. On the other hand, colliders can only probe a limited subset of the operators in Table 1 , due to large backgrounds associated with light quark/gluon jets, and the challenge of constructing measurable CP-sensitive observables. Below, for illustration, we will restrict our attention to processes involving top quarks. Tops have long been recognized as offering especially promising tests of CP-violation beyond the Standard Model [93] [94] [95] [96] , since cross sections are large and tops can be efficiently identified and reconstructed at colliders.
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Several top quark operators appearing in Table 1, including 11 O tH , O tB , and O tW , contribute to the electron EDM at two loops, and are thus quite constrained by limits on d e [99] [100] [101] [102] , barring cancellations between contributions. In what follows we focus on the chromo-dipole moment operator O tG , since it does not contribute to the e-EDM at one or two loops. It can have a sizable impact on the neutron EDM [99, 101, 103] , but due to the weaker limits and significantly larger uncertainties than those associated with the e-EDM, it is possible for O tG to produce observably large effects at colliders while remaining consistent with EDM bounds within their respective uncertainties.
Top quark CEDM operator and EDM constraints
We consider the top quark chromo-magnetic and chromo-electric dipole moment operators induced by O tG after electroweak symmetry breaking:
The chromo-magnetic and chromo-electric dipole moments, µ t and d t , can be straightforwardly related to the real and imaginary parts of the corresponding Wilson coefficients before electroweak symmetry breaking:
Evidence for a nonzero d t directly implies non-zero components of O uG , and thus large threshold corrections toθ via Eq. (9).
Due to the significant hadronic and nuclear uncertainties involved, placing robust limits on d t requires some care. Refs. [99, 101] performed an analysis of the constraints on d t from 10 The CP-odd operator O HG can also be probed at hadron colliders, for example, via angular correlations in h+jj events [97] . Recently, Ref. [98] performed an analysis of this channel at the LHC and reported a CPodd asymmetry in ∆φ jj of 0.3 ± 0.2. Assuming the significance grows in the future, Ref. [98] concluded that values of |c HG /Λ 2 | 0.1 TeV −2 can reproduce the central value. However, a study of hadronic EDMs induced by O HG concluded that |c HG /Λ 2 | < (7 · 10 −3 ) TeV −2 from the neutron EDM limit using conservative values of the relevant matrix elements [99] . Limits on operators with Higgs fields and electroweak field strengths are even stronger because they induce the electron EDM at one loop. While EDM limits can be avoided by cancellations with other contributions, significant fine tuning (at the few-percent level) is required to align the EDM limits with the present hint of a CP-odd asymmetry. 11 We define the third-generation operators O tX ≡ O Table 1 rotated into the quark mass basis. Here i, j and i , j are generation indices in the mass and gauge eigenstate bases, respectively. The corresponding Wilson coefficients c tX are defined analogously.
experimental limits on d e , d n , and d Hg using state-of-the art matrix elements, finding an upper bound of
In this constraint, d t is evaluated at the scale 12 Λ = 1 TeV and assuming that only the top CEDM operator is present at these energies. If one instead allows for the presence of other operators with comparable Wilson coefficients, the bound is weakened due to possible cancellations between contributions to the EDMs. The upper limit in Eq. (26) accounts for the various experimental uncertainties, as well as theoretical uncertainties in the predicted values of d n and d Hg by varying the relevant hadronic and nuclear matrix elements across their allowed ranges. This bound therefore represents a conservative upper limit on d t , allowing for possible cancellations between contributions to d n and/or d Hg . As a result, it is significantly weaker than results appearing elsewhere in the literature where all of the uncertainties are not accounted for in this way. If one instead adopts the central values for all matrix elements, one arrives at a significantly more stringent bound, | d t | 1.5 × 10 −4 [101] . This dramatic difference indicates that improvements in the theoretical modeling of the neutron EDM can have a large impact on the allowed values of d t . Ref. [99] estimates that a robust upper limit analogous to Eq. (26) of
(90% C.L., improved matrix elements) (27) can be achieved with realistic improvements in the hadronic and nuclear matrix element uncertainties. Of course more sensitive measurements will also impact these limits.
The top CEDM and CP-sensitive collider observables
Given the large uncertainties in the EDM bounds, we conservatively adopt Eq. (26) and investigate the extent to which hadron colliders can directly probe d t at this level and below. Both d t and µ t impact various CP-insensitive observables at colliders, such as the Higgs and tt production rates. While many previous studies have investigated these effects [99, 101, [103] [104] [105] , we instead focus on CP-odd observables sensitive to d t in the dimension-6 SMEFT, as they can provide direct evidence for a large threshold correction toθ.
To this end, we follow Refs. [106] [107] [108] [109] [110] and consider CP-odd triple product observables in dileptonic tt production at hadron colliders (see also Ref. [111] for a study of related observables). Refs. [108, 109] showed that the expectation value of the quantity
is directly related to d t . Hereˆ + andˆ − are the directions of flight of the¯ and in thet and t rest frames, respectively, andk is the t direction of flight in the tt center-of-mass frame. A non-zero O CP results in a non-vanishing CP-asymmetry, A CP , defined as
where N denotes the corresponding number of dileptonic tt events. Standard Model contributions to O CP are negligible, and in the operator basis used here, O CP receives a contribution only from the top chromo-EDM at leading order. Observation of A CP = 0 at the LHC or a future collider would imply the need for a low-energy solution to the strong CP problem.
We extend the results of Refs. [108, 109] 
for both muons and electrons (here p T denotes the transverse momentum of the lepton or anti-lepton and i denotes all other particle flow objects within a ∆R < 0.5 cone of and with p i T > 0.1 GeV). For √ s = 100 TeV we use the default FCC-hh detector card included in the Delphes 3 distribution.
We select events with exactly two identified oppositely-charged leptons with p T > 10 GeV and two b-tagged jets, all with |η| < 2.5 and p T > 10 GeV. To compute O CP for a given event, we need to reconstruct the tt system. This is non-trivial due to the two neutrinos in the final state. To do so, we take the following simple approach: we determine the neutrino four-momenta by requiring that the andν momenta reconstruct to m W , and that the corresponding reconstructed W boson and one of the b-jets reconstruct to the top mass, m t ≈ 172 GeV. The same is required for the¯ and ν momenta and the other b-jet. If there are multiple real solutions for a given pairing of the b-jets with W momenta, we choose the solution minimizing the scalar sum of the neutrino four-momenta, i=1,2
In some cases, both possible pairings of b-jets with the reconstructed W bosons yield real solutions to the equations, in which case we select the pairing minimizing the sum of ∆R values between the reconstructed W s and corresponding b-jets. We solve the corresponding system of equations numerically, and obtain a reconstruction efficiency of roughly 50 − 70%, depending on which numerical solver and algorithm is used. For comparison, the LHC collaborations are able to obtain up to ∼ 90% reconstruction efficiencies using more sophisticated techniques (see e.g. [110] ). Thus, we expect that our sensitivity projections will be conservative from this standpoint.
With the tt system reconstructed, we compute A CP for each event sample. As discussed in Ref. [109] , for small enough values of | d t |, A CP ∝ d t , since it is dominated by the interference piece between the CEDM operator and SM contribution to the tt production cross-section. We show the dependence of A CP on d t after our preselection cuts and reconstruction in Fig. 3 for the HL-LHC, HE-LHC, and 100 TeV collider. Also shown are the approximate 1σ Monte Carlo uncertainties reflecting the limited number of events generated for each point. The linear behavior is clear for all three collider energies for d t 0.15. The dashed black line in Fig. 3 corresponds to the relation
which we find to be a good match to our Monte Carlo results.
For the relatively wide range of collider center-of-mass energies we consider, it is important to ensure the validity of the EFT approach in our analysis. For all values of √ s considered, the d t contribution to the total tt cross-section is less than 50% of the SM contribution for | d t | 0.15 where the linear approximation for A CP holds. This suggests that the effect of the dimension-6 operators on tt production is perturbative for the momentum scales relevant for our analysis and that corrections from higher-dimension operators should be under control. Furthermore, we require the tt invariant mass to satisfy m tt < 1 TeV throughout our analysis. In particular, this requirement is reflected in the results of Fig. 3 . Our results are rather insensitive to the m tt cut, signaling that the effects of d t on A CP are dominated by events with sub-TeV momentum transfer and safely in the domain of validity of the EFT.
Our analysis neglects the effects of backgrounds mimicking dileptonic tt events. In the Standard Model, none of these processes contribute appreciably to the numerator of Eq. (29), but they would contribute to the denominator, and thus somewhat weaken the projected sensitivity. However, since we expect genuine tt events to strongly dominate the denominator, our projections should not be significantly affected by the inclusion of these backgrounds.
Results
Using the relation between A CP and d t in Eq. (32), we can estimate the sensitivity of the various colliders to d t and compare to constraints from EDM experiments. Given the Standard Model hypothesis, a ∼ 1σ statistical fluctuation in the observed value of A CP would correspond to
assuming a large number of tt events so that Gaussian statistics are appropriate and that the SM contribution dominates the dileptonic tt cross-section, σ × BR. Here, L is the total integrated luminosity and ε reco is the efficiency for reconstructing the tt system, which we take to be 70%. A × ε is the acceptance × efficiency for identifying two oppositely charged leptons and two b-tagged jets meeting the kinematic requirements above at a given collider. We find A × ε 8% for our HL-LHC and HE-LHC analyses, while for the 100 TeV case we find A × ε 15%, reflecting the higher identification and tagging efficiencies in the FCC-hh DELPHES card. Requiring A CP > 5 × ∆A CP , and using Eq. (32), we obtain ∼ 5σ sensitivity projections for d t . We find that sensitivity to
(HL − LHC) 3.8 × 10 (100 TeV) (34) can be reached assuming L = 3 ab −1 . The reach of course improves with increased efficiencies and integrated luminosity. With A × ε × ε reco 20% and L = 30 ab −1 , for example, our analysis suggests that a 100 TeV collider could probe | d t | 1.9 × 10 −4 . The sensitivities above only reflect statistical uncertainties; future work (and detector designs for 27 and 100 TeV) will be required to sharpen the above estimates by including the effects of systematic uncertainties. Our results are therefore optimistic from this standpoint.
Comparing these results with the EDM constraints on d t , we see that all three colliders studied above could observe a non-zero A CP at the ∼ 5σ level while remaining consistent with current EDM bounds, provided one adopts a conservative interpretation of the various uncertainties in hadronic and nuclear matrix elements. If central values are adopted, a 100
TeV collider could still access the allowed region, provided that the neutron EDM bounds do not significantly tighten before then. In any case, cancellations between various operators could in principle allow for the HL-LHC, HE-LHC, or a 100 TeV collider to discover a non-zero A CP , and hence large threshold corrections toθ while remaining consistent with improved EDM limits. Using Eq. (32), new CPV physics at scales of order 3, 5, and 10 TeV can be probed by the HL-LHC, HE-LHC, and a future 100 TeV collider, respectively, assuming a Wilson coefficient c tG ∼ O(1).
Summary
Searches for new sources of CP violation beyond the Standard Model are of fundamental importance, probing symmetry structure and the origin of the matter-antimatter asymmetry. We have argued that they can play an additional valuable role in discriminating how nature solves the strong CP problem. Even if new physics is too heavy to be produced on-shell, if signatures of a broad class of dimension-6 operators are experimentally observed, it will strongly disfavor models in which θ = 0 is an ultraviolet boundary condition and provide indirect support for the existence of a QCD axion. Both low energy and high energy experiments are sensitive to these operators. At low energies, correlations among two or more hadronic EDM measurements can be used to reject a pure-θ explanation over a wide range of parameter space, limited primarily by theoretical uncertainties. High energy colliders can also access new CP-violating operators. As an example, we have analyzed the HL-LHC, HE-LHC, and 100 TeV collider reach for a nonzero top chromo-EDM in angular observables. Both classes of experiments are complementary: EDM experiments offer high sensitivity, while colliders provide more direct access to individual operators, particularly in the third generation, and are insensitive to hadronic uncertainties. The insight such discoveries could provide into the resolution of the strong CP problem further increases the value of these searches.
Here we collect conventions used in the calculation of quadratic divergences in Sec. 2. The Standard Model Lagrangian is given by 
